Pseudohyperplanes are mildly deformed hyperplanes in Euclidean spaces. We compute the Varchenko determinant of pseudohyperplane arrangements.
Denote by L A the set formed by the nonempty intersections of elements in a finite set A of pseudohyperplanes. It is a meet semilattice with partial order ≤ defined, for X, Y ∈ L A , by
For every pseudohyperplane H in R n , let H + , H − be both elements of R n such that H + H H − = R n and H + ∩ H − = H. Definition 1.3. A pseudohyperplane arrangement or PA in R n is a finite set A of pseudohyperplanes such that, for every H ∈ A, and X ∈ L A such that H ∩ X = ∅, we have
• either H ≤ X,
Hyperplane arrangements are special cases of PAs, but a PA is not even necessarily poset isomorphic to a hyperplane arrangement like the non-Pappus configuration [10, Example 7.28 ]. Besides, PAs in R 2 are generalizations of the pseudoline arrangements [10, Definition 7.25 ]. Letting H 0 := H for H ∈ R n−1 , a face F of a PA A in R n is a nonempty subset of R n having the form
Denote the set formed by the faces of A by F A . It is a poset with partial order defined, for F, G ∈ F A , by F G ⇐⇒ ∀H ∈ A : H (F ) ∈ 0, H (G) .
The sign sequence of F ∈ F A is A (F ) := H (F ) H∈A . A chamber of A is a face whose sign sequence contains no 0. Denote the set formed by the chambers of A by C A . Assign a variable q ε H , ε ∈ {+, −}, to every half-space H ε , H ∈ A. We work with the polynomial ring R A := Z q ε H ε ∈ {+, −}, H ∈ A in variables q ε H . For two chambers C, D ∈ C A , denote the set of half-spaces containing C but not D by
and its multiplicity
where H ∈ A F , and we will see later that β F is independent of the chosen H. This article aims to prove the following result.
Theorem 1.5. Let A be a PA in R n . Then,
Example. Assigning the variables q + i and q − i to the set P + i and P − i respectively, a computing with SageMath of the Varchenko determinant of the PA A ex = {P 1 , P 2 , P 3 , P 4 , P 5 } in R 2 represented in Figure 1 gives
Consider an oriented matroid F ⊆ E n , and denote the set formed by the topes of F by T F . The Aguiar-Mahajan distance v :
The oriented matroid F is a poset with partial order ≤ defined, for u, v ∈ F, by
We will see later that β u is independent of the chosen i.
Proof. We use Theorem 1.5 and the fact that there exists a central PA A such that F is poset isomorphic to F 
A Witt Identity on central PAs
We extend the Witt identity [1, Proposition 7 .30] to central PAs in this section, then we use that extension to prove a key equality on the chambers of central PAs. If A is a central PA, the fact it is poset isomorphic to an oriented matroid permits us to deduce both properties:
• the set of faces F A is a monoid whose multiplication of F, G ∈ F A is the face F G ∈ F A such that
Denote by χ the function Euler characteristic of the shape of a topological space. Furthermore, assign a variable x C to each chamber C ∈ C A .
We obtain,
Proof. On one side
and on the other side
The module of R A -linear combinations of chambers in C
Let B A be the extension ring p 
Proof. The proof is similar to the proof of [1, Proposition 8.13 ]. For a nested face (A, D), let
One proves by backward induction that m(A, D) = 
By induction hypothesis, for every
Since A AD and A( AD) = D, by remplacing D with AD, there exists also e C ∈ B A for every C ∈ C A such that
Therefore,
The Varchenko Determinant of central PAs
In this section is computed the Varchenko determinant of central PAs. We first prove that it has the form
Proof. It is clear that M A is the matrix representation of γ A . The determinant of M A is a polynomial in R A with constant term 1, so M A is invertible. From Proposition 2.3, we know that, for every chamber D ∈ C A , there exist
As the matrix representation of
Then, the only possibility is det M A has the form k
As the constant term of det M A is 1, we deduce that k = 1.
Definition 3.3. Let K be a subset of a PA A in R n . An apartment of A is a chamber of K. Denote the set formed by the apartments of A by K A .
The restriction of A to K ∈ K A is the PA A K = {H ∈ A | H ∩ K = ∅}. The sets formed by the faces and the chambers in
respectively. Moreover, the Varchenko matrix of A restricted to the chamber K is
Corollary 3.4. Let A a central PA in R n , and K ∈ K A . Then,
Hence, for a suitable chamber indexing of the rows and the columns, we obtain
where I is the identity matrix of order #C A − 2 #C K A . Using Proposition 3.2, we get
Since M K A = MK A for a suitable row and column indexing, then l F = lF .
Let F ∈ F A , and H ∈ A such that F ⊆ H. Define the integer β H F :=
Theorem 3.5. Let A be a central PA in R n , and F ∈ F A . Then, β H F has the same value β F for every H ∈ A F , and
Proof. Take a face E ∈ F A \ C A . There exists an apartment K ∈ K A such that
We prove by backward induction on the dimension of E that
It is clear that, if dim E = n − 1, then β E = 1 and det M K
If dim E < n − 1, by induction hypothesis,
The leading monomial in det M K A is (−1)
. Then, comparing the exponent of q + H q − H , we get l E =
4 Proof of Theorem 1.5
We now consider any PA A in R n . Define the central PA cA in R n+1 by cA := {cH} H∈A {H 0 } with H 0 := (x 1 , . . . , x n+1 ) ∈ R n+1 x n+1 = 0 .
Setting q + H 0 = q − H 0 = 0, for a suitable row and column indexing, we get 
